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ABSTRACT. Properties on neutrosophic € V q-subsets and neutrosophic 
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subalgebra and a (q, € V g)-neutrosophic subalgebra are considered. Char- 
acterization of an (€, € V q)-neutrosophic subalgebra by using neutrosophic 
€-subsets are discussed. Conditions for an (€, € V q)-neutrosophic subal- 
gebra to be a (q, € V q)-neutrosophic subalgebra are provided. 
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1. INTRODUCTION 


Lie concept of neutrosophic set (NS) developed by Smarandache [17, 18, 19] 
is a more general platform which extends the concepts of the classic set and fuzzy 
set (see [20], [21]), intuitionistic fuzzy set (see [1]) and interval valued intuitionistic 
fuzzy set (see [2]). Neutrosophic set theory is applied to various part (see [4], [5], 
[8], [9], [10], [11], [12], [13], [15], [16]). For further particulars, we refer readers to 
the site http://fs.gallup.unm.edu/neutrosophy.htm. Barbhuiya [3] introduced and 
studied the concept of (€, € Vq)-intuitionistic fuzzy ideals of BCK/BC I-algebras. 
Jun [7] introduced the notion of neutrosophic subalgebras in BCK/BCI-algebras 
with several types. He provided characterizations of an (€,€)-neutrosophic sub- 
algebra and an (€,€ Vq)-neutrosophic subalgebra. Given special sets, so called 
neutrosophic €-subsets, neutrosophic q-subsets and neutrosophic € V q-subsets, he 
considered conditions for the neutrosophic €-subsets, neutrosophic q-subsets and 
neutrosophic € V q-subsets to be subalgebras. He discussed conditions for a neutro- 
sophic set to be a (g, € V q)-neutrosophic subalgebra. 
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In this paper, we give relations between an (€, € V q)-neutrosophic subalgebra and 
a (q, € Vq)-neutrosophic subalgebra. We discuss characterization of an (€, € V q)- 
neutrosophic subalgebra by using neutrosophic €-subsets. We provide conditions 
for an (€, € V g)-neutrosophic subalgebra to be a (q, € V g)-neutrosophic subalgebra. 
We investigate properties on neutrosophic g-subsets and neutrosophic € V q-subsets. 


2. PRELIMINARIES 
By a BCI-algebra we mean an algebra (X, *,0) of type (2,0) satisfying the axioms: 


al) ((iy) * (» 2))« (ey) =0, 
a2) (vx (x*y))*y =0, 

a3) r*xx2=0, 

a4) cxy=yxxrx=0 L=Y, 


for all z,y,z € X. If a BCI-algebra X satisfies the axiom 


a5) Oxx =0 for alla EX, 


then we say that X isa BCK-algebra. A nonempty subset S ofa BCK/BCI-algebra 
X is called a subalgebra of X ifaxy € S for alla,yeS. 

We refer the reader to the books [6] and [14] for further information regarding 
BCK/BCT-algebras. 

For any family {a; | i € A} of real numbers, we define 


ce _ f max{a;|ie A} if A is finite, 
Viai pee nae { sup{a;|ie¢A} otherwise. 


on _ f min{a;|7e¢ A} if A is finite, 
Mai eS a { inf{a;|ieA} otherwise. 


If A = {1,2}, we will also use a, V ag and a, A a2 instead of \/{a; | i € A} and 
/{a; | i € A}, respectively. 

Let X be a non-empty set. A neutrosophic set (NS) in X (see [18]) is a structure 
of the form: 


A:= {(a; Ar(@), Ar(@), Ar()) | x € X} 


where Ar : X — [0,1] is a truth membership function, Ay : X — [0,1] is an 
indeterminate membership function, and Ar : X —> [0,1] is a false membership 
function. For the sake of simplicity, we shall use the symbol A = (Ar, Ar, Ar) for 
the neutrosophic set 


A:= {(x; Ar(x), Ar(x), Ar(x)) | a © X}. 
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3. NEUTROSOPHIC SUBALGEBRAS OF SEVERAL TYPES 


Given a neutrosophic set A = (Ar, A;, Ar) inaset X, a, 8 € (0,1] and y € (0,1), 
we consider the following sets: 


2 
Te(A; 8) = {x € X | Ay(x) > BY, 

Fe(Ajy) = {2 € X | Ar(x) < 

T,(A;a) := {xe X | Ar(x)+a> 1}, 

I,(A; 8) = {2 € X | Ar(z) +8 > 1}, 

Fy(A;7) = {ev € X | Ar(w) +7 <4, 

Tey q(A;a) := {x € X | Ar(x) > a or Ar(x) +a > 1}, 

Tey q(A; 8) = {@ € X | Ar(x) 2 B or Az(x) + B > 1}, 

Fey q(As7) = {a € X | Ar(z) <7 or Ap(z) +7 < 1}. 
We say Te(A; a), Ie(A; 8) and Fe(A; 7) are neutrosophic €-subsets; T,(A; a), Ig(A; 8) 
and F,(A;) are neutrosophic q-subsets; and Tey q(A;a@), lev q(A; 8) and Fey q(A;7) 
are neutrosophic €V q-subsets. For ® € {€,q,€V gq}, the element of Ts(A; a) (resp., 
Ig(A;) and Fe(A;7¥)) is called a neutrosophic Tg-point (resp., neutrosophic Ip- 


point and neutrosophic Fe-point) with value a (resp., 8 and 7) (see [7]). 
It is clear that 


(3.1) Tey (A; a) = Te (A; a) UT,(A; 2), 
(3.2) Tey (A; B) = Te (A; B) U 1y(A; 8), 
(3.3) Foyg(Asy) = Fe(Ary)U F(A): 


Definition 3.1 ([7]). Given ©, U € {€,q, EV qg}, aneutrosophic set A = (Ar, Ar, Ar) 
ina BCK/BClT-algebra X is called a (®, V)-neutrosophic subalgebra of X if the fol- 
lowing assertions are valid. 

x€ Te(A;az), ye Ta(A;ay) > cxy € Ta(A;az A ay), 
(3.4) x € Ig(A; Bx), y € Ia(A; By) > x*y © Iv(A; Bx A By), 

t € Fe(A; 7x), y € Fa(Aiyy) > ey € Fol(Aj ye V Wy) 


for all a,y € X, Az, Qy, Bz, By € (0,1) and yz, 7y € [0, 1). 


Lemma 3.2 ([7]). A neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI-algebra 
X is an (€, €V q)-neutrosophic subalgebra of X if and only if it satisfies: 


Ar(x*y) 2 \{Ar(2), Ar(y), 9-5} 
(3.5) (Va,yeX)| Arey) = A{Ar(2), Ar(y), 0.5} 

Ap(x*y) < V{Ar(x), Ar(y), 0.5} 
Theorem 3.3. A neutrosophic set A= (Ar, Ar, Ar) ina BCK/BCI-algebra X is 
an (€, €V q)-neutrosophic subalgebra of X if and only if the neutrosophic €-subsets 
Te(A;a), Ie(A;8) and Fe(A;7) are subalgebras of X for all a,B € (0,0.5] and 
7 € [0.5, 1). 
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Proof. Assume that A = (Ar, A;,Apr) is an (€, € V q)-neutrosophic subalgebra of 
X. For any x,y € X, let a € (0,0.5] be such that x,y € Te(A;a). Then Ar(x) > a 
and Ar(y) > a. It follows from (3.5) that 


Arp(a*y) > [\{Ar(2), Ar(y), 0.5} > aA05 =a 


and so that «xy € T-(A;a). Thus T-(A; qa) is a subalgebra of X for all a € (0, 0.5]. 
Similarly, J-(A;) is a subalgebra of X for all 6 € (0,0.5]. Now, let y € [0.5,1) be 
such that x,y € Fe(A;y). Then Ar(x) < y and Ar(y) < y. Hence 


Ap(a*y) < \/{Arz), Ar(y),0.5} <7V05=7 


by (3.5), and soaw*y € Fe(A;7). Thus Fe(A;7) is a subalgebra of X for all 
y € [0.5, 1). 

Conversely, let a, 8 € (0,0.5] and 7 € [0.5, 1) be such that Te (A; a), Ie(A; 3) and 
Fe(A;7) are subalgebras of X. If there exist a,b € X such that 


A;(axb) < \{Ar(a), Ar(b), 0.5}, 
then we can take 6 € (0,1) such that 
(3.6) Ar(axb) < B < [\{Ar(a), Ar(b), 0.5}. 


Thus a,b € Ic (A; 8) and 6 < 0.5, and so axb € Ie(A; 8). But, the left inequality in 
(3.6) induces a x b ¢ Ic(A; 3), a contradiction. Hence 


Ay(x*y) 2 /{Ar(2); Ay(y), 0.5} 
for all x,y € X. Similarly, we can show that 
Ar(x*y) > [\{Ar(@), Ar(y), 0.5} 
for all x,y © X. Now suppose that 
Ap(a*b) > \/{Ar(a), Ar(b), 0.5} 
for some a,b € X. Then there exists 7 € (0,1) such that 
Ap(a«b) >> \/{Ar(a), Ar(0), 0.5}. 


It follows that 7 € (0.5,1) and a,b € Fe(A;7). Since Fe(A;7) is a subalgebra of X, 
we have ax b € Fe(A;7) and so Ar(a*b) < y. This is a contradiction, and thus 


Ap(x*y) <\/{Ar(2), Ar(y), 0.5} 


for all x,y € X. Using Lemma 3.2, A = (Ar, Ar, Ar) is an (€, € V g)-neutrosophic 
subalgebra of X. 


Using Theorem 3.3 and [7, Theorem 3.8], we have the following corollary. 


Corollary 3.4. For a neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI-algebra 
X, if the nonempty neutrosophic €V q-subsets Tey (A; a), Lev q(A; 8) and Fey q(A;7) 
are subalgebras of X for all a,8 € (0,1] and y © [0,1), then the neutrosophic €- 
subsets Te(A; a), Ie(A; 8) and Fe(A;y) are subalgebras of X for all a, 8 € (0,0.5) 
and y € [0.5, 1). 
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Theorem 3.5. Given neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI-algebra 
X, the nonempty neutrosophic €-subsets Te(A;a), Ie(A; 8) and Fe(A;7) are sub- 
algebras of X for all a, € (0.5,1] and 7 € [0,0.5) if and only if the following 


assertion is valid. 
Ar(x xy) V0.5 > Ar(x) A Ar(y) 
(3.7) (Va,yEX)| Ar(axy) V0.5 > Ar(x) A Ar(y) 
Ap(a*y)A0.5 < Ap(x) V Ar(y) 


Proof. Assume that the nonempty neutrosophic €-subsets Te(A;@), Ie(A; 8) and 
Fe(A;y7) are subalgebras of X for all a,6 € (0.5,1] and y € [0,0.5). Suppose 
that there are a,b € X such that Ar(a * b) V0.5 < Ar(a) A Ar(b) := a. Then 
a € (0.5, 1] and a,b € Te(A; a). Since T-(A; a) is a subalgebra of X, it follows that 
a*xb € Te(A;a), that is, Ar(a* b) > a which is a contradiction. Thus 


Ar(a*y) V0.5 > Ar(x) A Ar(y) 


for all z,y € X. Similarly, we know that A;(x * y) V0.5 > Aj;(x) A Ar(y) for 
all z,y € X. Now, if Ar(x* y) A0.5 > Ap(x) V Ar(y) for some x,y € X, then 
x,y € Fe(A;7) and y € [0,0.5) where y = Ap(x) V Ar(y). But, «xy ¢ Fe(A;7) 
which is a contradiction. Hence Ar(x * y) A0.5 < Ar(x) V Ar(y) for all zy € X. 

Conversely, let A = (Ar, Ar, Ar) be a neutrosophic set in X satisfying the con- 
dition (3.7). Let z,y,a,b € X and a, 6 € (0.5,1] be such that z,y € Te(A;a@) and 
a,b € I¢(A; 8). Then 


Ar(x xy) V0.5 > Ar(x) A Ar(y) > a> 0.5, 

A;(a*b) V0.5 > Ar(a) A Ar(b) > 8 > 0.5. 
It follows that Ar(a * y) > @ and A;(ax* b) > 8, that is, a * y © Te(A;a) and 
ax*xb © Ie(A;6). Now, let x,y € X and y € [0,0.5) be such that x,y € Fe(A;7¥). 


Then Ap(xz xy) A 0.5 < Ap(a) V Ar(y) < y < 0.5 and so Ap(a xy) < 9, ie., 
xx«xy € Fe(A;7). This completes the proof. 


We consider relations between a (q, € V q)-neutrosophic subalgebra and an (€, 
€ V q)-neutrosophic subalgebra. 


Theorem 3.6. In a BCK/BCI-algebra, every (q, € V q)-neutrosophic subalgebra is 
an (€, €V q)-neutrosophic subalgebra. 


Proof. Let A = (Ar, Ar, Ar) be a (q, € V g)-neutrosophic subalgebra of a BCK/BCI- 
algebra X and let z,y € X. Let az,ay € (0,1] be such that x € Te(A;a,) and 

y € Te(A; ay). Then Ar(x) > a, and Ar(y) > ay. Suppose a*y ¢ Tey q(A; az Aay). 

Then 

(3.8) Ar(x*y) < az A Qy, 

(3.9) Ar(a*y) + (@zg Ady) <1 


It follows that 


(3.10) Ar(x * y) < 0.5. 
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Combining (3.8) and (3.10), we have 
Arp(a*y) < [\{ax; dy; 0-5} 
and so 
1— Ap(a*y) >1- A{a,g, ay, 0.5} 

= Via — Oy, 1— dy, 0.5} 

> \/ {1 — Ar(x),1— Ar(y), 0.5}. 
Hence there exists a € (0, 1] such that 
(3.11) 1—Ap(a2*y) >a >\/{1— Ar(x), 1 - Ar(y), 0.5}. 


The right inequality in (3.11) induces Ar(z) +a > 1 and Ar(y) +a > 1, that is, 
x,y € T,(A;a). Since A = (Ar, Ar,Apr) is a (gq, € V g)-neutrosophic subalgebra 
of X, we have x *y € Teyq(A;a). But, the left inequality in (3.11) implies that 
Ar(axy)ta<lie,cxy ¢T,(A;a), and Ar(a@*xy) <1-a<1—-05=0.5 <a, 
ie, oxy ¢ Te(A;a). Hence x * y ¢ Tayq(A;a), a contradiction. Thus x *y € 
Tey q(A; az A ay). Similarly, we can show that if « € Ic¢(A; Gz) and y € Ie(A; By) 
for Bx, By € (0,1), then «* y € Ievq(A; Bz A By). Now, let y2,7y € [0,1) be such 
that « € Fe(A;yz) and y € Fe(A:qy). Ar(z) < ye and Ar(y) < vy. Ifcxy ¢ 
Fey q(Aj Ye V Yy), then 


(3.12) Ap(z*y) > Ye V Vy; 
(3.13) Ap(r*y) + (Ya VY) 2 1. 


It follows that 
Ap(x*y) > \/ {Ye %y: 0-5} 
and so that 
1— Ap(axy) <1-\/{yes Wy, 0.5} 

= A{1- 11 - Yy;0.5} 

< A\{1- Ar(2),1- Ar(y), 0.5}. 
Thus there exists y € [0, 1) such that 
(3.14) 1— Ap(a*y) << A\{1- Ar(2),1— Ar(y), 0.5}. 


It follows from the right inequality in (3.14) that Ar(x) +7 < land Ar(y)+7 <1, 
that is, z,y € F,(A;7), which implies that « * y € Feyq(A;7). But, we have 
x*xy ¢ Feyq(A;7) by the left inequality in (3.14). This is a contradiction, and so 
xy © Feyq(Aiyz V Vy). Therefore A = (Ar, Ar, Ar) is an (€, € V g)-neutrosophic 
subalgebra of X. 


The following example shows that the converse of Theorem 3.6 is not true. 
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TABLE 1. Cayley table of the operation * 


* 0 1 2 3 4 
0 0 0 0 0 0 
1 1 0 0 1 1 
2 2 1 0 2 2 
3 3 3 3 0 3 
4 4 4 4 4 0 
xX Ar(2) Aj(x) Ap(a) 
0 0.6 0.8 0.3 
1 0.2 0.3 0.6 
2 0.2 0.3 0.6 
3 0.7 0.1 0.7 
4 0.4 0.4 0.9 


Example 3.7. Consider a BC K-algebra X = {0,1, 2,3, 4} with the following Cay- 
ley table. 
Let A = (Ar, Ar, Ar) be a neutrosophic set in X defined by 


Then 
{0,3} if a € (0.4,0.5], 
Te(A;a) = {0,3,4} if a € (0.2,0.4], 
Ba if a € (0,0.2], 
{0} if 6 € (0.4,0.5], 
{0,4} if 6 € (0.3, 0.4], 
Te(Aj B) = {0,1,2,4} if 6 € (0.1,0.3], 
x if 6 € (0,0.1], 
xX if y € (0.9,1), 
. J {0,1,2,3} if ye [0.7,0.9), 
FAA = (619) if re [0.6,0.7), 
{0} if y € (0.5, 0.6), 


which are subalgebras of X for all a, € (0,0.5] and y € [0.5,1). Using Theorem 
3.3, A = (Ar, Ar, Apr) is an (€, € V q)-neutrosophic subalgebra of X. But it is not 
a (q, € V q)-neutrosophic subalgebra of X since 2 € T,(A;0.83) and 3 € T,(A;0.4), 
but 2*3 =2 ¢ Tey q(A;0.4). 


We provide conditions for an (€, € V qg)-neutrosophic subalgebra to be a (q, € V q)- 
neutrosophic subalgebra. 


Theorem 3.8. Assume that any neutrosophic Tg-point and neutrosophic Ip-point 
has the value a and 3 in (0,0.5], respectively, and any neutrosophic Fe-point has 
the value y in [0.5,1) for ® € {€,q,E Vg}. Then every (€, € V q)-neutrosophic 
subalgebra is a (q, € V q)-neutrosophic subalgebra. 


Proof. Let X be a BCK/BCI-algebra and let A = (Ar, Ar, Ar) be an (€, € Vq)- 
neutrosophic subalgebra of X. For z,y,a,b € X, let az, ay, 8a, Gy € (0,0.5] be 
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such that x € T,(A;az), y € Ty(Ajay), @ € Iq(A; Ga) and b € T,(A; 6). Then 
Ar(t)+az > 1, Ar(y) +a, > 1, Ar(a) + Ba > 1 and A7(b) + 6 > 1. Since 
Qz, Ay, Ba, By € (0, 0.5], it follows that Ar(z) > 1—az > az, Ar(y) > 1—ay > ay, 
Ar(a) > 1-8, > Ba and Ayz(b) > 1— fy > Bp, that is, x € Te(A;az), y € Te (A; ay), 
a € I¢(A;8,) and b € Ic¢(A;f,). Also, let x € FG(A;yz) and y € Fy(A;y,) for 
x,y € X and 4, %y € [0.5,1). Then Ap(x) + ye, < 1 and Ar(y) + 7y < 1, and so 
Ap(a) < 1-2 < ye and Ar(y) < 1-Yy < Yy since Ya, 7Yy € [0.5, 1). This shows that 
xv € Fe(A;y2) and y € Fe(A; yy). It follows from (3.4) that rxy € Tey q(A; az Nay), 
axb € Tey q(A; BaA Gp), and xy € Fey q(A;yzVYy). Consequently, A = (Ar, Ar, Ar) 
is a (q, € V q)-neutrosophic subalgebra of X. 


Theorem 3.9. Both (€, €)-neutrosophic subalgebra and (EV q, € V q)-neutrosophic 
subalgebra are an (€, €V q)-neutrosophic subalgebra. 


Proof. It is clear that (€, €)-neutrosophic subalgebra is an (€, € V qg)-neutrosophic 
subalgebra. Let A = (Ar, Ar, Ar) be an (€ Vq, € Vq)-neutrosophic subalgebra of 
X. For any z,y,a,b € X, let az, ay, Ba, By € (0,1] be such that x € Te(A;az), 
y € Te(Ajay), @ € Ic(A;Ba) and b € Ic(A;fp). Then « € Tey,(Ajaz), y € 
Tey q(A; ay), @ © Tevg(A; Ba) and b € Teyq(A;,) by (3.1) and (3.2). It follows 
that c*y © Teyq(A;az A ay) and a*b € Ievq(A; Ba A Be). Now, let zy € X and 
x,y € (0,1) be such that 2 € Fe(A;yz) and y € Fe(A;7y). Then x € Fey (A; 72) 
and y € Fevq(A;yy) by (3.3). Hence a * y € Feyq(A;yz V Vy). Therefore A = 
(Ar, Ar, Ar) is an (€, €V q)-neutrosophic subalgebra of X. 


The converse of Theorem 3.9 is not true in general. In fact, the (€, € Vq)- 
neutrosophic subalgebra A = (Ar, A;,Ar) in Example 3.7 is neither an (€, €)- 
neutrosophic subalgebra nor an (€ V q, € V g)-neutrosophic subalgebra. 


Theorem 3.10. For a neutrosophic set A= (Ar, Ar, Ar) in a BCK/BCI-algebra 
X, if the nonempty neutrosophic q-subsets T,(A; a), Iq(A;8) and Fy(A;7) are sub- 
algebras of X for all a, 8 € (0.5,1] and y € (0,0.5), then 

ce Te(A;ar), ye Te(Ajay) > vxy € Ty(Asaz V ay), 
(3.15) x €le(A; Bz), y € Le(A; By) > 2x y € Ig(A; Bo V By), 

te Fe(As 72), y € Fe(Ayyy) > oxy € Fy(Aj ye Ay) 
for allz,y EX, Az, Ay, Br, By € (0.5, 1] and yz, 7y € (0, 0.5). 


Proof. Let x,y,a,b,u,v € X and ag, ay, Ba, By € (0.5, 1] and yu, 7% € (0,0.5) be 
such that x € Te(A;az), y € Te(Ajay), a € Ie(A; Ba), b € Te(A; Bp), u © Fe(Ai qu) 
and v € Fe(A;7y). Then Ar(x) > ag > 1— az, Ar(y) > ay > 1— ay, Ar(a) > 
Ba > 1— Ba, Ar(b) > by > 1 — By, Ar(u) < Fu <1— and Ar(v) < Ww <1— Ww. 
It follows that x,y € T,(A; az V ay), a,0 € Iq(A; Ba V Bp) and u,v € Fy(A; yu A Ww): 
Since az V dy, Ba V By € (0.5, 1] and yA € (0,0.5), we have x*xy € Ty(A; az Vay), 
a*b € Ig(A; Ga V By) and uxv € Fy(A;yu A Ww) by hypothesis. This completes the 
proof. 


The following corollary is by Theorem 3.10 and [7, Theorem 3.7]. 


Corollary 3.11. Every (€, € V q)-neutrosophic subalgebra A = (Ar, Ar, Ar) in a 
BCK/BCT-algebra X satisfies the condition (3.15). 
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Corollary 3.12. Every (q, € V q)-neutrosophic subalgebra A = (Ar, Ar, Ar) in a 
BCK/BCT-algebra X satisfies the condition (3.15). 


Proof. It is by Theorem 3.6 and Corollary 3.11. 
Theorem 3.13. For a neutrosophic set A= (Ar, Ar, Ar) in a BCK/BCI-algebra 
X, if the nonempty neutrosophic q-subsets T,(A; a), Iq(A; 8) and Fy(A;7) are sub- 
algebras of X for all a, 8 € (0,0.5] and y € (0.5, 1), then 

ZETy(Ajsaz), yETy(Asay) > rey € Te(Ajaz V ay), 
(3.16) TE I,(A; Bz), ye Ty (A; By) => xeyeIe(A; Be V Bas 

TEP (Ax), Ye FylAity) > @¥y € Fe(As ye A Vy) 
for all x,y € X, az, Qy, Bz, By € (0,0.5] and yz, 7y € (0.5, 1). 
Proof. Let x,y,a,b,u,v € X and az, Qy, Ba, By € (0,0.5) and yu,% € (0.5, 1) 
be such that x € T,(A;az), y € Ty(A;ay), @ € Ig(A; Bc), 6 € I,(A; 6p), wu € 
Fy(A; yu) and v € Fy(A;y). Then x,y € Ty(A;az V ay), @,6 € Ig(A; Ba V By) and 
u,v © Fy(Ajyu A Ww). Since ag V ay, Ba V By € (0,0.5] and yu A yw € (0.5, 1), it 


follows from the hypothesis that x * y € Ty(A;az V ay), a*b € Ig(A; Ba V By) and 
ux € Fy(Aj;yu A Ww). Hence 


Ar(a*y) >1— (az V ay) > ag V ay, that is, oxy € Te(A; ag V ay), 

Ay(a* b) > 1— (Ba V Bo) = Ba V Bo, that is, a*b € Ie(A; Ba V Ao), 

Ap(uxv) <1— (Wu AW) < Yu AY, that is, uxv € Fe(As Yu A Ww): 
Consequently, the condition (3.16) is valid for all zy € X, az, Qy, Bx, By € (0,0.5 
and Ya, Yy € (0.5, 1). 


Theorem 3.14. Given a neutrosophic set A = (Arp, Az,Ar) in a BCK/BCI- 
algebra X, if the nonempty neutrosophic € V q-subsets Tey q(A;a), Tey q(A; 8) and 
Foy q(A;y) are subalgebras of X for all a,B € (0,0.5] and y € [0.5,1), then the 
following assertions are valid. 

LE Ty (A; Ox), ye Ty (A; Qy) => oxyelTe (A; Oe V Qy), 
(3.17) zETy(A; Bx), y € Ig(Aj By) > xy € Ievq(A; Be V By), 

TE F(A} Yn), y € Fy(Ai ty) > @¥Yy © Fey q(Ai Ie A Vy) 
for all x,y EX, Oy; 0%; Bo, Py € (0,0.5| and 7,77, € [0.5,1). 


Proof. Let z,y,a,b,u,v € X and az, ay, Ba, Bo € (0,0.5) and Yu, € [0.5,1) be 
such that « € T,(A;az), y € Ta(A; ay), a € Ig(A; Ba), 6 © Iq(A; Bo), wu © F(A; Wu) 
and v € F,(A;y). Then @ € Teyq(Ajaz), y € Tevq(Ajay), @ € Tevq(A; Ba), 
b € Teyq(A; fo), u © Fevg(Asyu) and v € Feyq(Aiyw). It follows that 2,y € 
Tey q(A;Qz V ay), 4,6 € Ievq(A; Ba V 6p) and u,v € Fey q(A; Yu A Ww) which imply 
from the hypothesis that x * y © Tevq(A;az V ay), a* b © Tevg(A; Ga V By) and 
Uxv © Foy q(A; yu A Ww). This completes the proof. 


Corollary 3.15. Every (€, € V q)-neutrosophic subalgebra A = (Ar, Ar, Ar) of a 
BCK/BCTI-algebra X satisfies the condition (3.17). 


Proof. It is by Theorem 3.14 and [7, Theorem 3.9]. 
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Theorem 3.16. Given a neutrosophic set A = (Ar,Ar,Ar) in a BCK/BCI- 
algebra X, if the nonempty neutrosophic € V q-subsets Tey q(A;a), Tey q(A; 8) and 
Foy q(A;y) are subalgebras of X for all a,B € (0.5,1] and y € [0,0.5), then the 
following assertions are valid. 


LeT,(Ajaz), ye Ty(Asay) > oxy € Tey q(Aj az V ay), 
(3.18) © €1,(A; Br), y © Ig(As By) > 2*y € Tevg(A; Bz V By), 

EE R(As Yn), ye FglAiyy) => vey € Fev q(Asre A Vy) 
for all x,y € X, Az, Qy, Bx, By € (0.5, 1] and yz, 7y € [0,0.5). 


Proof. It is similar to the proof Theorem 3.14. 


Corollary 3.17. Every (q, € Vq)-neutrosophic subalgebra A = (Ar, Ar, Ar) of a 
BCK/BCI-algebra X satisfies the condition (3.18). 


Proof. It is by Theorem 3.16 and [7, Theorem 3.10]. 


Combining Theorems 3.14 and 3.16, we have the following corollary. 


Corollary 3.18. Given a neutrosophic set A = (Ar, Ar:,Ar) in a BCK/BCI- 
algebra X, if the nonempty neutrosophic € V q-subsets Tey q(A;a), Tey q(A; 8) and 
Fey q(A; 7) are subalgebras of X for alla, 8 € (0,1] andy € (0,1), then the following 
assertions are valid. 


LET, (Ajaz), ye Ty(Asay) > oxy € Tey q(Aj az V ay), 
x € 1,(A; Bx), ye Ig(A; By) > xy € Tey q(A; Bz V By), 
xe Fy(Az ye), y € Fg(Asyy) > oy © Fev q(Arye Ay) 


for all x,y € X, Az, Ay, Bx, By € (0,1) and yz, yy € [0, 1). 
CONCLUSIONS 


We have considered relations between an (€, € V q)-neutrosophic subalgebra and 
a (q, € Vq)-neutrosophic subalgebra. We have discussed characterization of an (€, 
€V q)-neutrosophic subalgebra by using neutrosophic €-subsets, and have provided 
conditions for an (€, € V q)-neutrosophic subalgebra to be a (q, € V g)-neutrosophic 
subalgebra. We have investigated properties on neutrosophic q-subsets and neutro- 
sophic € V q-subsets. Our future research will be focused on the study of generaliza- 
tion of this paper. 
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